Abstract. In this article, we study 2-designs whose replication number is coprime to the parameter λ and admitting a flag-transitive almost simple automorphism group with socle a finite exceptional simple group of Lie type. We obtain four infinite families of such designs and provide some examples in these families.
Introduction
A 2-design D with parameters (v, k, λ) is a pair (P, B) with a set P of v points and a set B of blocks such that each block is a k-subset of P and each two distinct points are contained in λ blocks. We say D is nontrivial if 2 < k < v − 1, and symmetric if v = b, where b is the number of blocks of D. Each point of D is contained in exactly r = bk/v blocks which is called the replication number of D. We note that in a symmetric design r is also k. An automorphism group of D is a subgroup of the symmetric groups on v points permuting the blocks and preserving the incidence relation. A flag of D is a point-block pair (α, B) such that α ∈ B. An automorphism group G of D is called flag-transitive if G acts transitively on the set of flags. The group G is said to be point-primitive if G acts primitively on P. A group G is said to be almost simple with socle X if X G Aut(X), where X is a nonabelian simple group. We here write Alt n and Sym n for the alternating group and the symmetric group on n letters, respectively, and we denote by "n" the cyclic group of order n. We also adopt the standard Lie notation for groups of Lie type, for example, we write A n−1 (q) and A − n−1 (q) in place of P SL n (q) and P SU n (q), respectively, D − n (q) instead of P Ω − 2n (q), and E − 6 (q) for 2 E 6 (q). We may also assume q > 2 when G = G 2 (q) since G 2 (2) is not simple and G 2 (2) ′ ∼ = A − 2 (3). Moreover, we view the Tits group 2 F 4 (2) ′ as a sporadic group. Further notation and definitions in both design theory and group theory are standard and can be found, for example, in [6, 8, 12, 16] .
The main aim of this paper is to study 2-designs with flag-transitive automorphism groups. In 1988, Zieschang [27] proved that if an automorphism group G of a 2-design with gcd(r, λ) = 1 is flag-transitive, then G is a point-primitive group of almost simple or affine type. Such designs admitting an almost simple automorphism group with socle being an alternating group or a sporadic simple group have been studied in [23, 24, 25, 26] . This problem for symmetric designs of affine type automorphism groups and almost simple groups with socle a finite exceptional simple group have also been treated in [2, 4] . This paper is devoted to investigating the 2-designs with gcd(r, λ) = 1 and flag-transitive almost simple automorphism groups whose socle is a finite exceptional simple group of Lie type. Here we extend our result [2, Corolary 1.3] , and prove that there exist only four of such 2-designs none of which is symmetric: Theorem 1.1. Let D = (P, B) be a non-trivial (v, k, λ) design with λ 1, and let G be a flag-transitive automorphism group of D whose socle X is a finite exceptional simple group of Lie type. Let also H = G α and K = G B , for a flag (α, B) of D. If the replication number r of D is coprime to λ, then H is a parabolic subgroup of G and one of the following holds:
(a) X = 2 B 2 (q), H ∩ X ∼ = q 2 :(q − 1) and K ∩ X ∼ = q:(q − 1) with q = 2 a and a 3 odd, and D is a block design with parameters
, and K ∩ X is isomorphic 2 × A 1 (q) with q = 3 a 27, and D is the Ree Unital space U R (q) with parameters v = q 3 + 1,
and K ∩ X ∼ = q:(q − 1) with q = 3 a and a 3 odd, and D is a block design with parameters v = q
(q − 1) with q = 3 a and a 3 odd, and D is a block design with parameters v = q
In order to prove Theorem 1.1 in Section 4, we first observe that the group G is point-primitive, and so the point-stabiliser H is maximal in G. In particular, flag-transitivity of G implies that H is large, that is to say, |G| |H| 3 , and then we can apply [2, Theorem 1.6] in which the large maximal subgroups of almost simple groups whose socle X are the finite exceptional simple groups of Lie type are determined. We then analyse all possible cases and prove that the only possible designs are those in Theorem 1.1. We also provide some examples for small values of q in Section 2.
Examples and comments
In this section, we give some examples of designs appearing in Theorem 1.1. We note that all groups X in parts (a)-(d) of Theorem 1.1 are 2-transitive in their coset actions of the maximal parabolic subgroups H ∩ X in X, and so by [7, 2.2.8] , the groups X are also flag-transitive.
The Ree Unital spaces U R (q) are first discovered by Lüneburg [19] , and these examples arose from studying flag-transitive linear spaces [11, 13] . The points and lines of of U R (q) are the Sylow 3-subgroups and the involutions of 2 G 2 (q), respectively, and a point is incident with a line if the line normalizes the point. This incidence structure is a linear space and any group with
acts flag-transitively. Note for q = 3 that the Ree Unital U R (3) is isomorphic to the WittBoseShrikande space W (8) as
′ is isomorphic to A 1 (8) . For the parts (a), (c) and (d), we note in all cases that K 0 = K ∩ X is isomorphic to a subgroup of a parabolic subgroup M 0 which is conjugate to H 0 = H ∩ X. Moreover, H 0 ∩ K 0 is a cyclic group of order q − 1. Thus K 0 has an orbit B of length k as in part (a), (b) or (c) in Theorem 1.1. Suppose that P = {1, . . . , v}. Then since X is 2-transitive, it follows from Proposition 4.6 in [3] that (P, B X ) is a 2-design with parameters (v, b, r, k, λ). (27) . 1873, 1902, 1903, 1910, 1926, 1965, 1970, 1995, 2022, 2074, 2086, 2089 18992, 19047, 19068, 19100, 19121, 19125, 19131, 19171, 19256, 19261, 19342, 19415, 19418, 19450, 19487, 19504, 19526, 19533, 19534, 19588, 19592, 19593, 19608, 19613, 19629, 19646, 19656, 19678, 19682 } In (27) . For each example in this table, we use the computer software GAP [10] for computational arguments, and we also use the permutation representations of both groups and parabolic subgroups given in the web version of Atlas (http://brauer.maths.qmul.ac.uk/Atlas/v3/). As an example, the Suzuki group 2 B 2 (8) has a unique conjugacy class of the parabolic subgroup H 0 = 2 3+3 :7, the conjugate subgroups M 0 of H 0 has one subgroup K 0 of order 56 (up to conjugation) in M 0 , and this subgroup has exactly one orbit B = {1, 4, 5, 10, 32, 48, 52, 55} of length 8, and so for P = {1, . . . , 65}, the incidence structure (P, B G ) is a 2-design with parameters (65, 520, 64, 8, 7). We note here that for the case where X = 2 G 2 (27) in Theorem 1.1(c), we obtain two base blocks in Table 1 (Nr. 3). These base blocks are orbits of two non-conjugate subgroups K 0 in M 0 , and at this stage we do not know if they are isomorphic.
Preliminaries
In this section, we state some useful facts in both design theory and group theory. Lemma 3.1 below is an elementary result on subgroups of almost simple groups. If a group G acts on a set P and α ∈ P, the subdegrees of G are the size of orbits of the action of the point-stabiliser G α on P.
Lemma 3.3. [18, 3.9]
If X is a group of Lie type in characteristic p, acting on the set of cosets of a maximal parabolic subgroup, and X is neither A n−1 (q), D n (q) (with n odd), nor E 6 (q), then there is a unique subdegree which is a power of p.
Remark 3.4. We remark that even in the cases excluded in Lemma 3.3, many of the maximal parabolic subgroups still have the property as asserted, see proof of [21, Lemma 2.6]. In particular, for an almost simple group G with socle X = E 6 (q), if G contains a graph automorphism or H = P i with i one of 2 and 4, the conclusion of Lemma 3.3 is still true.
Proposition 3.5. [7, 2.3.7(a)] and [27] Let D be a 2-design whose replication number r is coprime to λ. If G is a flag-transitive automorphism group of D, then G is a primitive group on points set and it is of almost simple or affine type. Corollary 3.7. Let D be a symmetric design admitting a point-primitive and flagtransitive almost simple automorphism group G with socle X being a finite exceptional simple group of Lie type, and let H = G α , for a point α in D. Then H is either parabolic, or one of the subgroups listed in Tables 2-3. For a given positive integer n and a prime divisor p of n, we denote the p-part of n by n p , that is to say, n p = p t with p t | n but p t+1 ∤ n.
Proof of the main result
Suppose that D is a nontrivial (v, k, λ) design admitting a flag-transitive almost simple automorphism group G with socle X being a finite exceptional simple group of Lie type. Lemma 3.1 yields
If the replication number r is coprime to λ, then Proposition 3.5 implies that G is point-primitive, or equivalently, the point-stabiliser H = G α is maximal in G, for some point α of D. We now apply Corollary 3.7 and conclude that H is either parabolic, or one of the subgroups listed in Tables 2 and 3 . We now run through these possible subgroups and prove the main result.
We first assume that H is not parabolic. If X and H are as in one of the rows of Table 2 , then one can find the value of the parameter v and the explicit structure of H in [2] and therein references. We now easily obtain a lower bound l v for v and an upper bound u r for r as in the third and fourth columns of Table 2 , respectively. For each case recorded in Table 2 , we observe that u 2 r < l v , and this implies that r 2 < v which contradicts Lemma 3.6(c). If X and H ∩ X are as in Table 3 , then by (4.1) and Lemma 3.6(c), the parameters v and r are as in the third and fourth columns of Table 3 , respectively. For each value of v, we also know that r divides v − 1, and so for each pair (v, r), the parameter b must divide vr, and then the parameter k can be obtained by k = vr/b, and finally we can find λ = r(k − 1)/(v − 1). We note also that these parameters must satisfy λv < r 2 . We then observe that the list of subgroups in Table 3 gives rise to no possible parameters.
Therefore, H is a parabolic subgroup of G. In what follows, we further assume that K = G B and K 0 = K ∩ X, where B is a block containing α. We now continue our argument by case by case analysis. We note here that the value of the parameter v in each case, can be read off from [2, Table 4 ].
Suppose first that X = 2 B 2 (q) and H ∩ X = q 2 :(q − 1) with q = p a = 2 2m+1 8. We may assume by [14] that λ 2. Then by (4.1), we have that v = q 2 + 1, and so |v−1| p = q 2 . Note by Lemma 3.3 that G has a subdegree p c . Thus Lemma 3.6(a) and (d) implies that r divides gcd(v −1, p s ), and hence r = p t is a divisor of |v −1| p = q 2 , for some positive integer t 2a. Then Lemma 3.6(a) yields k = p 2a−t λ + 1. Note that b = rv/k, v = q 2 + 1 and G is transitive on the set of blocks of D. Then
The knowledge of maximal subgroups of X = 2 B 2 (q) shows that K 0 embeds into a parabolic subgroup M 0 ∼ = q 2 :(q − 1) of index q 2 + 1. Again, we must have |X : K 0 | dividing b = p t (q 2 + 1)/k, and since q 2 + 1 divides |X : K 0 |, it follows that k divides p t . Since also k = p 2a−t λ + 1, we conclude that t = 2a and k = λ + 1 = p n for some n 2a, and hence r = q 2 and b = p 2a−n (q 2 + 1). Moreover, [2, Corollary 1.3] implies that n = 2a, and hence K 0 is properly contained in M 0 . From now on we can assume that M 0 = (H 0 ) β , for some β ∈ P. Moreover, as X is 2-transitive on points, [7, 2.2.8] , the group X is also flag-transitive. We no apply [9, Lemma 2] and conclude that X α,β = H 0 ∩ M 0 is isomorphic to a cyclic group of order q − 1 which has index
, hence all subgroups of X α,β fix the block B. Since the non-trivial X α,β -orbits are of length q − 1 or (q − 1)/2, it follows that B \ {α} is union of non-trivial X α,β -orbits, that is to say, (q − 1)/2 divides k − 1. Recall that k = p n , for some 1 n < 2n. Therefore, k = q, as desired in part (a). Suppose now that X = 2 G 2 (q) and H ∩ X = q 3 :(q − 1) with q = p a = 3 2m+1 9. (4.1), we have that v = q 3 + 1. Lemma 3.3 implies that G has a subdegree p s . Thus Lemma 3.6(a) and (d) implies that r divides gcd(v − 1, p s ), and hence r = p t is a divisor of |v − 1| p = q 3 . Since also v < r 2 , it follows that 3a/2 < t 3a. Lemma 3.6(a) yields k = p 3a−t λ + 1. Since b = rv/k and v = q 3 + 1, we have that Table 8 .43], we find that the only possibilities are 2 × A 1 (q) and q 3 :(q − 1). If |G : X| = c with c a positive integer dividing |Out(X)| = a, then M is isomorphic to either (2×A 1 (q))·c, or (q 3 :(q − 1)) · c. Let first M 0 be isomorphic to 2×A 1 (q). Then q 2 (q 2 −q+1) divides b = p t (q 3 +1)/k, and so k divides p t−2a (q + 1) implying also that 2a t. Note also that |X : K 0 | divides b. Then by inspecting the maximal subgroups of A 1 (q) containing K 0 , we easily observe that K 0 is isomorphic to either A 1 (q), or 2 × A 1 (q). Since the point stabiliser H is a solvable group, the subgroup A 1 (q) of K 0 acts non-trivially on the block B, and since q + 1 is the smallest degree of non-trivial action of A 1 (q), we have that k q + 1, or equivalently, λ p t−2a with 2a t 3a. If k = p 3a−t λ + 1 is coprime to p, then since k | p t−2a (q + 1), it follows that k divides q + 1, that is to say, k q + 1, or equivalently, λ p t−2a . We have already proved that k q + 1 and λ p t−2a . Therefore, k = q + 1, λ = p t−2a , r = p t and b = p t (q 2 − q + 1) with t 2a. The assumption that r is coprime to λ forces t = 2a, and so λ = 1. We now apply [14, Theorem A] and conclude that D is the Ree Unital space with b = q 2 (q 2 − q + 1), r = q 2 and k = q + 1. This is part (b), as claimed. If k = p 3a−t λ + 1 is divisible by p, then k = λ + 1 and t = 3a. This implies that r = q 3 and k divides p t−2a (q + 1) = q(q + 1). Since b = q 3 (q 3 + 1)/k and |G : M| = q 2 (q 2 − q + 1), it follows that |M : K| = q(q + 1) and |K| = ck(q − 1) where c = |G : X|. This also implies that G = KX. Recall that K 0 is isomorphic to A 1 (q) or 2 × A 1 (q), and so |M : K 0 | is m or 2m, respectively. On the other hand, Note:
The value lv in the third column is a lower bound for parameter v. The value ur in the fourth column is an upper bound for the parameter r. Here ǫ = ±, ǫ ′ = ± and e = gcd(3, q − ǫ1). Table 3 . Some large maximal non-parabolic subgroups H of almost simple groups G with socle X a finite exceptional simple group of Lie for small q.
